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Abstract 

We derive the generating functional of IAS*! = 1, 2 hadronic weak in¬ 
teractions at one loop for a generic number of flavours and its counterpart 
in the quenched approximation. A systematic analysis of the ultraviolet 
divergences in the full theory (with and without a singlet dynamical field) 
and in the quenched case is performed. We show that the quenched chiral 
logarithms in the presence of weak interactions amount to a redefinition of 
the weak mass term in the AS = ±1 weak effective Lagrangian at leading 
order. Finally, we apply the results to Bk and K —> tt-tt matrix elements 
with AI = 1/2, 3/2 to analyze the modifications induced by quenching on 
the coefficients of chiral logarithms in the one-loop corrections. 
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1 Introduction 


Nonleptonic weak interactions of light mesons are still one of the main unresolved 
issues of the Standard Model (SM). Two major aspects still await for a theoret¬ 
ical understanding: the AJ =1/2 rule and the mechanism which mediates CP 
violation. Also, interaction mechanisms beyond the SM hnd a rich spectrum of 
implications in this context. 

The short-distance QCD description of the operators that mediate nonleptonic 
weak transitions has been clearly formulated [Q. QCD asymptotic freedom and 
Operator Product Expansion are used to integrate out heavy degrees of freedom 
of the SM Lagrangian down to /i < rric- At this scale nonleptonic weak transitions 
are mediated by effective four-quark operators of light quarks u, d, s. The QCD 
evolution of their Wilson coefficients is determined by RG equations. 

The evaluation of the matrix elements of the four-quark effective operators 
between light meson states is instead a pure non perturbative problem. It involves 
the knowledge of QCD contributions at long distances, namely from /i ~ rric down 
to scales fi ~ ^qcd or the typical light meson mass. 

At long distances two approaches are viable. The hrst is the implementation 
of light hadrons matrix elements on the lattice, the second is the use of an effective 
Lagrangian for weak interactions where the dynamical degrees of freedom are the 
light mesons. The weak Lagrangian can be formulated on the same principles 
as the Chiral Perturbation Theory (ChPT) Lagrangian for strong interactions. 
It is an expansion in powers of the momenta of light mesons and light quark 
masses. The leading order weak Lagrangian is known since a long time [@, |^, 
while the derivation of the next-to-leading order Lagrangian was done in Refs. 
[H, 1^ for N = 3 flavours. This second approach is based on symmetry principles. 
Its advantage is that it allows for a perturbative treatment of weak processes at 
long distances. Its major drawback is the lack of predictivity in the parameters, 
residues of short-distance physics, which regulate the various interactions. 

The computation of weak matrix elements on the lattice originates from first 
principles and in this sense it gives the correct answer to the problem. On the 
other hand it still suffers from the presence of major sources of systematic errors: 
hnite volume effects, unphysical quark masses, the need of computing unphysical 
matrix elements ^ (see also Ref. [0 for recent alternative proposals), in order to 
maximally avoid mixing with lower dimension operators in decay processes with 
two or more particles in the hnal state, and hnally the fact that still most of 
the lattice evaluations are done in the quenched approximation. In this work we 
focus on formal aspects of the last problem within the ChPT framework, while in 
the immediate phenomenological applications we shall explore in a quantitative 
way the deviations of the quenched weak matrix elements from the physical ones. 
Further results on this last argument will be reported in Ref. [|]. 

Our main scope is to provide a systematic treatment of the quenched ap¬ 
proximation for nonleptonic weak interactions. On the other hand, the same 


1 


approach will allow to add a few new results to previous analyses of weak inter¬ 
actions within the full (unquenched) theory. The approach that we adopt is the 
one of the generating functional within the framework of the low energy effective 
Lagrangian. This approach was applied in Refs. to the quenched approx¬ 

imation of strong interactions (also known as quenched ChPT |^). The hrst 
derivation of the generating functional of standard (unquenched) ChPT can be 
found in Refs. ||^ . The analogous derivation in the weak sector can be found 

in Refs. |^, where the generating functional of hadronic weak interactions has 
been derived in the full theory with N = 3 flavours. 

In this work we calculate the ultraviolet divergences of the weak generating 
functional at one loop in the full theory and in the quenched approximation. 
This involves, as a hrst step, the derivation of the generating functional in the 
full theory with a generic number of havours N and in the presence of a singlet 
dynamical held. The havour number dependence was not known before, while 
the inclusion of the singlet dynamical held was sketched in Ref. 0 (see Appendix 
A thereof) in the analysis of the (8^, l^j) sector. Here we introduce the singlet 
dynamical held at hrst place and derive the modihcations induced both in the 
(Sl, 1r) and the (27^, 1 r) operators which carry the ultraviolet divergences. As an 
outcome, we construct the minimal basis of ultraviolet divergent ehective meson 
operators which appear at next-to-leading order both in the octet and 27-plet 
weak Lagrangians. We limit the present analysis to the case of degenerate light 
quark masses. In this case, once the ultraviolet divergences of the generating 
functional are known in the full and in the quenched theory, all the coefficients 
of chiral logarithms are known in both theories, for any nonleptonic weak matrix 
element of light mesons. For non degenerate light quark masses, also ultraviolet 
hnite logarithms of the type log(m|-/m^) do appear. 

The whole derivation is done at inhnite volume, with the intention of clarifying 
some of the formal aspects of the quenched approximation to weak interactions. 
The infrared behaviour of the quenched approximation in the presence of weak 
interactions is not considered here. However, we anticipate that its analysis with 
the use of the generating functional follows the same lines of the analysis done in 
the case of purely strong interactions in Ref. |I0| . 

The next question to answer is how much the quenched approximation mod- 
ihes the predictions of weak matrix elements. Knowing the value of all the chiral 
logarithms in the full theory and the corresponding one in the quenched approx¬ 
imation, one can at least quantitatively predict how much quenching modihes 
their contribution to weak matrix elements. Here, we focus on the analysis of 
Bk and K —>■ tth matrix elements. In the last case quenching effects turn out 
to be of considerable size. Also, their pattern in respect to the AJ = 1/2 rule 
can be clarihed: while the full ChPT one loop corrections tend to support the 
enhancement of the AJ = 1/2 amplitude, quenched modihcations (at inhnite 
volume) tend to suppress the AJ = 1/2 dominance. The modihcations induced 
by quenching, together with the analysis of unphysical K ^ irn matrix elements 


2 


as they are implemented on the lattice are further considered in Ref. p]. 

The plan of the paper is as follows. In Section ^ the effective Lagrangian for 
hadronic weak interactions with IAS"! = 1, 2 is extended to its graded version, 
that reproduces the quenched approximation within Chiral Perturbation Theory. 
In Section ^ the ultraviolet divergences of the generating functional for hadronic 
weak interactions at one loop are derived in the full theory for a generic num¬ 
ber of flavours and in the quenched approximation. A peculiar behaviour of the 
quenched approximation in the presence of weak interactions is the generation of 
quenched chiral logarithms in addition to the ones produced by strong interac¬ 
tions 0. How they can be formally interpreted as the rescaling of a parameter in 

We treat separately 


the leading order weak Lagrangian is clarihed in Section [ 
the bosonic contribution to the generating functional in subsections 
and |3.4|, and the fermionic contribution in subsection |3.5|. The reader who is not 


interested in the technical details of the derivation can skip the full section ^ In 
Section | we give the hnal result for the ultraviolet divergences in the quenched 
approximation, while in subsection |4.1| we dehne the divergent counterterms in 
the full theory and compare with their quenched counterpart (see Tables (|l]) and 
for the comparison). This analysis is basically useful for the phenomenolog¬ 
ical applications considered in Section |^. Here we focus on the contribution to 
weak observables coming from the chiral logarithms and how they are modihed 
by quenching. The analysis is performed at inhnite volume. In particular, in 
subsection we rederive known results for the parameter, with the aim of 
clarifying the structure of the counterterms and their flavour number dependence. 
In subsection |5.2| we analyze iP —tttt matrix elements with AJ = 1/2 and 3/2; 
we consider the full matrix elements and their quenched approximation. Since we 
work in the continuum at inhnite volume, we give all the predictions in Minkowski 
space-time. We conclude in Section p. There are two appendices. In Appendix 
^ the list of divergent counterterms in the octet and 27-plet case is given and in 
the presence of the singlet held. In Appendix the single contributions to the 
bosonic determinant in the singlet sector are illustrated. 


2 The quenched Lagrangian for weak interac¬ 
tions 

The complete quenched ChPT Lagrangian for light pseudoscalar mesons at lead¬ 
ing order in the chiral expansion (i.e. at order and linear in the light quark 
masses) can be written as follows: 

+ ^AS=l + ^AS=2 ■ ( 2 . 1 ) 
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The Lagrangian Cas=o is the quenched version of the leading order Lagrangian 
for strong interactions [jm pTj 


^As=o = i^i(*^>o)str(M^«M^) + V2($o)str(x+s) - Vo(*^>o) 

+V5{%)D^%D>^% . ( 2 . 2 ) 

It is invariant under the graded chiral symmetry group [SU{N\N)l ® SU{N\N)r\Q 
U{l)v with N physical flavours and N ghost flavours. The graded held^ are de- 
hned with the usual notation 

u^s = iulDf^Usul = 

X+s = ulxsu\ + Usxlus, (2.3) 

where Ug = is the exponential representation of the graded meson field: 

Us = exp{V2i^/F) , 


F is the bare quenched pion decay constant (with renormalized value F^^ 
MeV) and d) is a hermitian non traceless 2x2 block matrix 


= 93 


$ = 


<j) 

e 0 


str($) = <l)o = 


are real and even functions of the super- 77 ' 


The potentials V)(<I)o) in Eq. 
held "ho = str(<l>). 

The Lagrangians Cas=i and Cas =2 in Eq- (|2.1|) are the quenched version of 
the leading order Lagrangians which mediate strangeness changing non leptonic 
weak interactions in one and two units. The quenched version of the weak effective 
Lagrangians is the generalization to a graded group (i.e. with N physical havours 
and N ghost havours) of the leading order weak ehective Lagrangians given in 
Refs. P, with the inclusion of a singlet dynamical held. Using the same 

notation as for the strong Lagrangian, they can be written as follows: 


jCas=i = V'8(*f’o)str(A^32M/,sO + U5(*f'o)str(As32X+s) + Vo($o)str(A^32M;,s)str(M^) 
+h.c U 27 (*f’o)t*^’^^str(AsijM;,s)str(AsfciO (2.4) 


and 

Uas=2 = U27^^^('^o) f^’^^str(A,ijM^Jstr(A,fczO , (2.5) 

where the potentials U(*f'o) are again real and even functions of the super- 77 ' held 
$ 0 . The AS = 1 Lagrangian in Eq. (|2.4|) contains the octet (8 l,1j?) operators 
in the hrst line and the 27-plet (27 l, li?) operator in the second line. The octet 

^The quenched counterpart of a standard CHPT quantity is either denoted with capital 
letters (as in b — *■ d>) or with the s subscript 
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term associated to the potential is induced by the inclusion of the singlet 

dynamical held. 

The operator Agij is the graded realization of the usual projection matrix onto 
the octet components of the chiral helds. It is given by Agij = UgXij^-^ul, with 
{Xij)^b — SiaSjb- The tensor in Eqs. ( p.4| ), ( |2.5| ) projects onto the (27 l,1_r) 
component of the interacting helds, with IAS"! = 1 or 2. It is a completely 
symmetric tensor that satishes 

fj,ki ^ ^ki,ij / 2 . 6 ) 


and the following trace zero conditions 

^ = 0 , ^ = 0 . 

i i 


( 2 . 7 ) 


Note that in the fundamental (unquenched) theory the hrst condition in Eq. 
(|2.7|) guarantees that only the traceless component of any operators C>i, O 2 con¬ 
tributes to the (27 l, lij) term t*-^’^hr(AijC>i)tr(AfczC> 2 ), with ~ In fhe 

quenched case the same condition guarantees that only the traceless part of the 
(1,1) component of the graded operators Ogi, Os 2 contributes to the (27^, 1 _r) 
term f^'’^W(AijI^C>si)str(Afc/I^C>^ 2 )- 

In the AS = ±1 case and in SU{3) the tensor has the following compo¬ 
nents 


^ 21,13 _ ^ 13,21 _ ^ 12,31 _ ^ 31,12 
£ 22,23 _ £ 23,22 _ £ 22,32 _ £ 32,22 
£ 33,23 _ £ 23,33 _ ^ 33,32 _ £ 32,33 
^ 11,23 _ ^ 23,11 _ ^ 11,32 _ ^ 32,11 


1 

3 

1 

~6 

1 

1 

3 


and 0 otherwise, while for AS* = 

£ 23,23 ^ ^ 


2 interactions it is given 
32,32 ^^^ 0 otherwise. 




( 2 . 8 ) 


( 2 . 9 ) 


The weak Lagrangians in Eqs. ( |2.4|) and (|2.5|) are CPS invariant |^, CP even 
and S even, where the S (“switching”) invariance denotes the invariance under 
the interchange of 2 and 3 components (s •«-*• d). One can simply obtain the 
CP odd, S odd AS = 1 Lagrangian from Eq. ( p.4|) by replacing everywhere 

Vi —>• iVi~, As 32 —>■ — As 32 in the octet terms and assigning the opposite sign to 
f32,u^ f*’32^ t^^ 43 ^ f^3,2i 27-plet terms. 

The symmetry under the graded group is made local in the presence of graded 
external sources /(*, r^, Ss,Ps. The covariant derivative over the held Ug is dehned 


^In the generalization to N > 3 flavours the same tensor as in Eqs. (2.8) and (pj9) is used. 
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as D>^Us = d^Us — ir^Us + iUgl^ and the field Xs = ‘2Bo{ss + ips) of Eq. (pT3| ) 
contains the external scalar (s^) and psendoscalar (p^) sonrces. Since we are not 
interested in stndying matrix elements with spnrious fields as external legs we 
pnt to zero all spnrions external sonrces. With this rednction a generic graded 
sonrce reads 


3s 


3 0 
0 0 


3 Pi 1 


and the scalar sonrce contains the qnark mass matrix M at the leading order 


M + Ss 0 \ 

0 M J 


In what follows the qnark mass matrix will be taken proportional to the nnit 


matrix: 3\4 = rriql. 


All the potentials I4(*ho) and I4(‘ho) in Eqs. ( p.2|, p.5|) can be expanded 

in powers of <hQ. We define the first terms in the expansion as follows 


9 

7T7 

Wo) = + , 

^i,2(*^’o) = ^ *hQ + 0 (<I)q) , 

^5($o) = 1 ( 2 . 10 ) 

in the strong sector, where uIq is the sqnared singlet mass and a is a new param¬ 
eter associated with the kinetic term of the singlet field, 


l4(<l>o) 

— 9s + .^*0 + , 


14($o) 

= s;+if’5 42 + o(i>s). 


1^27 (‘I’o) 

= 927 F 2^27^1 +0{^q) , 


H($o) 

= ^8 + *l’o + 

(2.11) 


in the IAS"! = 1 weak sector and 


= J 2 y‘" + ls“‘'4'S + 0 (-I>S ( 2 . 12 ) 

in the AS = 2 weak sector. The weak conplings gs, g 27 , g's, 98 and can be 

written in terms of dimensionless conplings as follows 

gs = CF^Gs, g27 = CF^G27i g', = GF^G',, g, = GF'^G,, 

g^S=2 ^ ^ ^ 2 . 13 ) 
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where the constant C contains the CKM matrix elements via 


C = 


3 Gp 

'571 


VusV* 


while the constant can be written as follows 

Gp 


G 


AS=2 


Mw, ^ckm) , 


(2.14) 


(2.15) 


where Vckm) is a known function of the W boson mass, the 

heavy quark masses and CKM matrix elements |T3. In the large-iVc limit the 


dimensionless couplings Gg and G 27 are Gg = G 27 = 1. Notice that the 27-plet 
couplings (727 and are the same, modulo the weak-sector coefficients G and 

G^s= 2 ^ We expect that the same is true for the full potentials K 27 and 77 
so that = (G^^=VG) 77 - 


rAS=2 


3 The Weak generating functional to one loop 


The derivation of the generating functional for hadronic weak interactions and 
its counterpart in the quenched approximation can be done following the same 
lines of Ref. [M, where the quenched generating functional for low energy strong 


interactions has been derived within the framework of ChPT. We expand the 
leading order action around the classical solution up to and including quadratic 
fluctuations. We write the held U. as: 


Ug Vjg e Vjg , 


where Ug = is the classical solution to the equations of motion. In the absence 
of spurious external sources it reduces to 


u 


S 




We decompose the huctuation S similarly to the held <h and write: 

S = ^ I ^ , str(S) = 7iV(^o - ^ 0 ) ■ 

Each held can be decomposed in terms of the generalized Aq matrices 

7V2-1 

e = E (3.1) 

a=0 

where A^ = Aa/\/2, 1/\/N for a = 1 ,... N'^ — 1 and a = 0 respectively. It is 
useful to dehne a graded vector for the bosonic helds as follows: X'^ = (7,7) 
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and • • •, the same for The fermionic ghost helds 

are collected in the vector (^t = (C^°) • • •) With this notation the 

complete action for strong and weak interactions np to qnadratic flnctnations 
can be written in a compact formQ 

^[<h] = 5[<l>] -^Jdx {x^DX + 2C^D^C} + 0(S3), (3.2) 


where snmmation over flavonr indices is implicit. Notice also that the bosonic 
differential operator D is a graded 2x2 matrix acting on X. Using the action 
(|3.2|) , the qnenched generating fnnctional to one loop can be formally written as 
follows 

,r detT>c 


e ii°°p = M- 


(det D)'- 


(3.3) 


In the following snbsections we treat separately the bosonic part and the fermionic 
ghost part of the generating fnnctional in Eq. (PD- 


3.1 The bosonic sector 


While in the pnrely strong case treated in Ref. m a mixing is only indnced 
amongst the singlet components of the physical ^ and the ghost ^ flnctnation 
held, weak interactions indnce a mixing also in the non singlet sector. For this 
reason a compact representation of the generating fnnctional in the bosonic sector 
in terms of graded vectors and graded operators tnrns ont to be convenient. The 
differential operator D in Eq. (p.2|) is a 2 x 2 graded differential matrix acting 
on the graded vector X. It can be written as follows 


Dab — dfj,sGabdg + Fab , (3.4) 

where is the graded covariant derivative given by 

d,, = , (3.5) 


with dfj_ the covariant derivative acting on ^ and the covariant derivative acting 
on In the absence of spnrions external sonrces v^,d^ = 0 the latter rednces to 
the partial derivative d^ = dfj,. The graded operator Gab is given by 

Gab dab'T'i T CXafe (3-6) 


and it is hermitian. The operators Fab in Eq- (|3.4|) and aab in Eq. (|3.6|) are in 
tnrn 2x2 graded matrices. The term aab is indnced by weak interactions and we 


^As we did in the strong case we disregard the infinite chain of terms containing powers 
of the super-ry' field at the classical solution $o, coming from the expansion of the potentials 
U($o) and U(®o)- 
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call it the weak connection in analogy with the connection tensor which appears 
in the metric of a curved space. To compute the ultraviolet divergences of the 
generating functional to one loop with standard techniques it is appropriate to 
rescale the coefficient of the d’Alambertian in Eq. (|3.4| ) to one. We generalize 
the rescaling procedure used in Ref. to the quenched case and in the presence 
of a singlet component. We dehne the hermitian operator G as G = gg = g'^r^g, 
where gab = V^ab + r^aab and 
covariant derivative in Eq. 
holds 

dsggds = gdsd^g + [4, g]dsg - gds[ds, g] - [d^, g] [4, g] ■ (3.7) 

With the use of the g dehnition the quadratic fluctuation of the bosonic La- 
grangian can be rewritten as X'^D'X', where the rescaled differential operator 
is now given by 


By commuting g with the 
(O) it is easy to show that the following identity 


D' = dlT 3 + g^ ^ Fg ^ + g'^ \[ds, g]dsg - gds[ds, g] - [d^, g][ds, g]) g \ (3.8) 


where flavour indices have been omitted for simplicity, and the rescaled fluctua¬ 
tion held is dehned as X' = gX, X' = X'^g^. This is valid provided that g~^ 
does exist, that is our case. The rescaled operator D' has now the treatable 
form with unit coefficient in the double derivative term. In terms of the rescaled 
huctuation helds the bosonic part of the generating functional is now given by 

J dX'^dX' (detCrg)"^ f dxX'^D'x' ^ 


where Z;, is the classical contribution to the generating functional and we made 
use of the identity det (^^^) = det (ggr^) = det (Grg). The complete bosonic 
determinant is now given by (deti7)“^A = (det (77-g)-i/2_ 

As it is the relevant one, we limit the analysis of the generating functional 
to the hrst order in the expansion in powers of the weak interaction coupling 
Gf- The weak connection aab in Eq. (|3.6|) is of order Gf, while the operator Fab 
contains both strong interaction terms and order Gp ones. Its explicit expression 
can be written as follows: 


Fab — --^{^aby + dab +‘T'afe , 


(3.10) 
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where dab is the usual graded strong interaction operator as dehned in Ref. 
while N~ij, A^^ and ujab are graded weak interaction operators. 

Expanding g and g~^ in powers of the weak connection aab (i-e. in powers 
of Gf) in Eq. ( p.8|) and keeping up to order Gf terms, the rescaled bosonic 
differential operator can be written as follows 


F'ab = d^SabTs + Fab - - {oialT^dlh + dal^aib) - -[4, [4, C^ab]] + 0{Gp) , (3.11) 
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with Fab given in Eq. ( p.lO| ). 

The operators Fab and aab act on various subspaces of the graded space. They 
can be classihed as follows: 1) the physical subspace of the fluctuation held ^ with 
projection operator (1 + r 3 )/ 2 , 2) the bosonic ghost subspace of the huctuation 
held ^ with projection operator (1 — T3)/2, 3) the mixed physical-bosonic ghost 
subspace with projection operator (1 — ri), or [(1 + r 3)/2 — (ri + iT 2 )/ 2 ] and 
its transposed. For this reason the weak connection aab admits the following 
decomposition into the four projected components: 


_ lll + '^3 , 22 ^ ~ '^3 , 12'?'1+*T'2 , 

ttab - -X-h -r-h -r-h -r- 


(3.12) 


where0 


= 


^gsk{A{Xa, Ab}) + g27q{AXa){AXb) + ^gg'/Nk (^{AXa)^ob + (AAb)5oa 


all = 0 


= --gs'/Nk{AXa)6ob 


= --gsVNk{AXb)6oa. 


a 


,21 

ab 


(3.13) 


Here and in the following we use a short-hand notation for the octet and 27-plet 
operators as follows: 


k-A = j^PAij = /•^^ = 1, 0 otherwise 


for the octet case and 


? ■ A . A = —f«'“AyAM 


(3.14) 


(3.15) 


in the 27-plet case. The tensor has been dehned in Eq. ( p.8|) for AS = ±1 
and in Eq. for AS = 2. 

The operators N~ and admit the same decomposition as in Eq. (|3.12|) . 
It gives 


^lllb = -^askiiA, u^}[Xa, Ab]) + -gsk{A{XaU^Xb - XbU^Xa)) 

Fig 27 q{A[Xa,Xb]){Au^) - '^-g 27 q{[A,U^a]Xa){AXb) + ^fif 27 g([A,M^]Ab)(AAa) 
+]^9&k{A[Xa,Xb]){u^) - ^%\/Nk{A[u^,Xa])5Qb+ ^-g%VNk{A[u^,Xb])5oa 

/Y-22 _ Q 

^lab — U 

n;'! = '-g,^k{i.KX])s«, 

NX = - j98ViVl(AK, AJ)5„„ (3.16) 

^The notation (...) stands everywhere for the trace over flavour indices. 
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and 


N;^lb = -^9sk{[A,u^]{Xa,Xb}) - ^g27q{[^,Uf,]Xa){^Xb) 

-^927q{[A,u^]Xb){AXa) - ^gs\^k{A[Uf,,Xa])Sob- ^g8^/Nk{A[Uf,,Xb\)Soa 

j\t+22 _ Q 

= ^g8'/Nk{A[u^,Xa])Sob 

N;^ab = ^gs'/NkiAlu^^XbDdoa- (3.17) 

The weak operator Uab and the strong operator dab can be decomposed in a more 
convenient manner as follows 

©afe = ©aft-^ + ©afe-^ + A05ao5feo(l ” n) , (3.18) 

where the last term is a pure singlet contribution that mixes bosonic ghost and 
physical singlet helds. The components of the weak operator chafe are 

‘^Ib = ^qsk (({A, u‘^}{Xa, Af,}) - (A(AaM^Afe + Xbu'^Xa)) 

-({A, U,}CXaU^Xb + XbU^Xa)) + {Au,{Xa, A,}m^)) 

+^ 98 k (({A, x+}{Aa, Xb}) - ([A, x_]{Aa, AJ)) 

+^927q {{Au^) ({A, M^}{Aa, Af,}) - 2 (Am^) (A(AaM^Ab + AfeM^Aa)) 

+ ([A,M/,]Aa)([A,'u'"]Afe)) 

-^h{Ubi)k{A{XaU^Xb + XbU^Xa - {Aa, Afe}})) 

= 0 

Ach = -N (vok{Au^) {Ufj) + vsk{Au‘^) + h5A;(Ax+) + V27q{Au^){Au^)^ , 

(3.19) 


while the strong operator dab is given by 

<^afe^ = 

^afe = -^({Aa, Afe}4i?oAl) 

Ad = ^{aU + ml) - N{vi{u^u^)+V2{x+)), (3.20) 

where we have dehned the subtracted operator x+ = x+ — ABqM.^ which gives 
(x+) = (x+) — 2iVM^, with M the bare meson mass, for degenerate quark masses. 
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In order to compute the ultraviolet divergences of the bosonic generating 
functional at one loop given in Eq. (p.9|) , the next step to perform is to diagonalize 
the quadratic form X' D'X' by eliminating the mixing between the singlet and 
non singlet components. We proceed in the same manner as it was done in Ref. 
p!0[| for the purely strong sector. We decompose the quadratic form in its non 
singlet, mixed and singlet sectors as follows 


X'^D'X' = X^ DX + X^ B'^ X + X" BXo + X^ Dx Xn 




‘■0 Vi. -r Vi. jv vvu -r vvQ j^x v-i.u , (3-21) 

where D acts on the non singlet graded vector X, B and B^ are mixing operators 
between the non singlet X and singlet Xq vectors and Dx acts on the singlet 
graded vector Xq. The mixing operator Bao and its transposed i?oa are easily 
derived from the previous expressions, which give at order Gp 

BaO = {^a 05 -^ao]+'^a 0 +<^a 0 ~o + ^aBsO^lo) ~ ^qo]] • 


r-1 


2 ^ du' 2 f ciuj 2 

By performing the translation 

X = X' - D^^BXo, 
the quadratic form in Eq. ( |3.21|) is diagonalized to 

X'^D'X' = X'^DX' + X^{Dx - B^D-^B)Xo 


(3.22) 

(3.23) 

(3.24) 


The hrst term on the r.h.s. is now a pure non singlet form, while in the second 
term the singlet operator Dx is shifted via a non local differential term. As 
already discussed in the case of strong interactions the non locality of the singlet 
differential operator does not prevent the derivation of the ultraviolet divergences 
of the one loop generating functional in closed form, since they remain local. 
Denoting with Dx = Dx — B^D~^B the shifted singlet operator, the complete 
quenched generating functional to one loop can now be formally written as follows 

^ ___ ('3.25') 

(detG'r3)5(detZ))^(detDx)^ ’ 

where in the derivation of the ultraviolet divergences we retain up to order Gp 
terms in the weak sector. The bosonic contribution to the generating functional 
has now been splitted in its singlet and non singlet part. 


3.2 Integral over the non-singlet fields 

The operator Dab acts as follows (a, 6 = 1,... — 1): 


DabX^ = dsud'iT.Xa + 


I 2 ^ dab T d^ab ^ (t^a/Tsd/fe T dal'T'^Ollb') 


— 2 [ds, [ds, Oiab]] ) + 0(Gp) 


dsfiXa — daXa + f ^abX 






(3.26) 
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where we have written Dab in terms of a rescaled covariant derivative which now 
contains the weak operator the connection T^ab is given by 


= -{r„|A„, y]) - \ n ;^ , 


(3.27) 


which contains the usual strong interaction connection (hrst term), where = 
l/2{\u\d^u] — iu^TfaU — iulfaU^), and a weak contribution (second term). The 
projections of the graded operators N^, a, a,(jj onto the non-singlet subspace are 
easily derived from Eqs. ( p.l3|) , ( |3.16|) , ( |3.17|) , ( |3.19| ) and ( p.20|) . 

By explicitly writing Dab in terms of its projections onto the physical and non 
physical subspaces one realizes that a mixing between the physical ^ and non 
physical ^ fluctuations is still induced by the weak connection Oab- We get 


X^DX = fD^^ - e^(n - + e 


e + (3.28) 


where the hrst term on the r.h.s. contains the differential operator D^ which acts 
on the physical non-singlet held a = 1 ,... — 1 and it is given by 

D^ = (f + ^[d, - ^[d, [d,a^^]] +0{Gp). (3.29) 

The second term gives the action in the bosonic ghost non singlet sector and 
the last two terms are mixing terms. In the degenerate mass case that we are 
considering here Ai = mgl, the mixing terms are zero, since (Jq^ = d^Q = 0, so 
that the physical and non physical bosonic sectors decouple as it happens in the 
purely strong interaction case. Also, since = M’^Sab, the ^ action reduces 
to the free action which gives a trivial multiplicative constant in the generating 
functional. 

After these reductions the bosonic determinant in the non singlet sector re¬ 
duces to the determinant of D^. The ultraviolet divergent part of the integral 
over the ^ helds can be derived in closed form by regularizing the determinant 
in d dimensions and using standard heat-kernel techniques. The result reads as 
follows: 


% % % % % 

- In det = - In det D ^ \ - In det | (g) -h - In det Dg | (27) -h - hi det D ^ | as =2 • 

(3.30) 

^ with the same notation adopted here 
The remaining terms are the XS = ±1 weak 


The hrst term was derived in Ref. 
and we do not write it again 
contributions in the octet and 27-plet sector and the XS = 2 contribution, all in 
the presence of a singlet component of the meson held. We list in Appendix ^ 
the dehnition of the ultraviolet divergent octet W, W and 27-plet Dj, Di weak 
operators, where Wi and are new operators induced by the presence of the 
dynamical singlet held. The notation follows the one of Ref. O for the octet case. 
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with the exception of the Wi not introduced there and the eventual enlargement 
of the basis for N > 3. The calculation is done in SU{N) with N generic, so that 
we maintain everywhere the explicit dependence upon the number of flavours. 
We hnd: 

1 r. N 


In det \ (g) = 


(4.)=(d-4) J * l6 


W, 








+178 - ^ f +2 + 1+5 + 1+9 

~ q 1+19 + 1+20 + 21+21 + 21+22 + xl +25 ~ 1+26 + 7 ^ 1+27 
3 3 b 

+ —^8 ^ 21+1 + 21+2 + 31+3 — 21+5 — 61+8 — 121+9 + 21+11 + 41 + 15 ^ 




Vl8 

6 

' 1+37 - 1+' 


6 


38 


+ ^^8 (l+7 + 1+11 - 1+3 + 1 + 4 ) + 9 S (^1+4 + 


- 1+6 


4i+7+ 4^8 

16 16 


8 


- 1+1 


11 






24 


1+ 


11 


T7rl+15 + 0I+17 — 0I+13 
iz o o 


■ — 1+8 - —1+9 - -1+12 
48 24 ^ 8 


-1+16 - —1+14 - —1+7 + —1+1 
8 12 24 ^ 24 


10 


+98: 


8N 


— — 1+5 — 1+10 + 1+38 + 1+18 + 21+19 — 1+20 “ 1+21 “ 1+22 + 1+23 
{98 ( — 1+5 + 21+10 + 21+12 — 41+21 — 41+22 + 21+36 + 21+38) 


— 29 '^ (1+10 + 1+12 + 1+36) + fi'8l+ll} — + 0{G‘^p) 


(3.31) 


Notice that the octet determinant in the physical sector is the one in the pres¬ 
ence of the singlet held. The inclusion of the singlet held modihes the standard 
ChPT determinant in three ways: the presence of the barred operators Wi, the 
presence of new contributions to the Wi proportional to the singlet coupling gg 
and an additional contribution to the Wi counterterms coming from the anticom¬ 
mutator term in Eq. (|3.29|) when internal indices run through zero. 

The conversion from one realization of ChPT to the other can be done using the 
following formula 


z z 

- In det | (8) = 2 


no singlet 

“ (47r)2(d-4) 


Jdx 


:Wr- 


38 


:l+5 


1 


:l+i 


1 


4N"^° ' 4N^ 

In actual computations of weak matrix elements with the singlet meson held 
integrated out, the appropriate divergence of the octet counterterms Wi, i = 
5,10,11, 38 has to be taken. This divergence is the one listed in Table (^ in the 
CHPT column. In the 27-plet sector we get 


rl+i 


11 


4N 8N 

{98,98, Vs) ■ 1+i terms +gs-Wi terms) -h 0(G|)(.3.32) 


-lndetT)g|(27) = 


1 


(47r)2((i—4) 




-Di + -D 2 — 2-^4 + 2-^8 — -D 13 
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+-Di4 — 2”^^^ ~ 2/^22^ + ^2“^^ 6^^ ~ 8^^ 

7111331 1 1 

- Da — ~D^ + —Dq H —Dj + —Dg — ~Dg + —D\q — —D\\ — ~D\2 

24 4 4 2 8 8 4 4 8 

- D\g -\- — D\a — — D\^ — — D\r -\- —Dxj -\- — D\g — —Dig — —D20 ~\~ ~D 2 \ 

12 12 24 12 12 12 4 4 6 

+ g-D22 + ^-^23 + ^-^24 - -^Di - -D 2 - -Dg + ^-^ 12 ! + C>(G|) , (3.33) 

where the appropriate tensor to AS = 1 or 2 interactions has to be taken 
inside the Di and Z)j connterterms dehned in Appendix This time the presence 
of the singlet held modihes the standard ChPT determinant only via the presence 
of the Di connterterms. 


3.3 Integral over the singlet fields 


After the shift of the X held as in Eq. (|3.23|) the operator acting on Xg can be 
written as follows: 


X^DxXg = X^ 


Dx-B^D-^B 


Xg 


(3.34) 


where 

Dx = D^ + A , 


N 


— '^ 3 ( 1 ^ + Af ) + —(1 — ri)(an + mg) , 

A = As S A^u , 

^ = -^i^ + A){x+)-N{l-Ti){vi{Uf,u^^)+V2{x+)) + 0{^l) 

+ g 8 )k{Ax+) - -^'^^k{Ax+) 

-At(l - n) {vgk{Au^u^) + v^k{Ax+) + V 27 q{Au^) (Au^) 
+Vgk{Au^){uf^)) + 0{^l) , 


B 

5“ 




Bs + B^ , 

1 + Ta_]_ 

2 2V^ 

1 + ra 1 

2 aV^ 


(A“X+) , 

gsk (-»{[<, [A.tiJ]A“> -2{ci2AA“) - ({A,x+}A“> 


[A,mJ]A“)) +g;j;({{A,x+}A“) - {[A,x-]A“)) 


-|a^(AA“>(x'+) - 9279(AA“>{Ax+> 
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1 + T-s 'ri + ir2\ N 


-2gsk{AX^) Q(a° + ml) - vi{u^) - V2{x+ 


2 2 J 4:^/m 

+98*: (^i{K,|A,'t.J}A“> - 1{[<, [A,«J]A“) - (djAA”) - Af2{AA“> 


+i(K.|A,«J]A“>-i({A,x+}A“> 


(3. 


The covariant derivative is the one dehned in Eq. (|3.5|) . We separated the 
singlet operator A and the mixing operator B in their strong interacting part 
(with subscript s) and their weak interacting part up to order Gp. We recall that 
{x+) = {x+) — 2NM‘^ in the degenerate mass case. As also in the analysis of 
the purely strong interacting sector we cannot apply straightforwardly the heat- 
kernel techniques, because the differential operator does not reduce to a diagonal 
Klein-Gordon operator when the external helds are put to zero. Therefore we 
just expand the logarithm of the differential operator, and calculate only the 
ultraviolet divergent terms. The expansion gives: 


'-TT\n[Dx/D 


= -Tr 
2 

- -Tr 


dV\dx- 


■dV> 


\Dx-D\)D\ \Dx-D 


0 “1/ 




+ 


,(3.36) 


where the ellipsis contains ultraviolet hnite terms only. The inverse of the “free” 
operator D\ is: 


D 


X 


— Gn 


Ts - (1 + ri)y («□ + ml)Go 


(3.37) 


where 


and 


(D + M^)^Go(x - y) = d(x - y) , 
Dx - D^x = ^- B^D-^B . 


(3.38) 

(3.39) 


While the strong interacting part has been fully derived in Ref. [10|, the ultravio¬ 


let divergences of the singlet determinant at order Gj? in the expansion in powers 
of the weak coupling, are given by the following terms: 


'-TT\n[Dx/D 


= -Tr 
2 


nO A 
X' X 


-Tr 

2 


D 


X 




A 

2j-7i 


--Tr 

2 




D% "AsD^x '{bJD "b^ + bId 'r,)] + 0(G|) . (3.40) 


The inverse of the non singlet operator D is expanded around its free part. In 
the third term of Eq. (|3.4U|) we need its expansion up to order Gg and keeping 
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only its strongly interacting part (since we stop at order Gp)- This gives: 

By = G„T 3 i.j + Go (^MX,n - Go + 0{Gl). (3,41) 

Note that the 0{Gq) term of dJ^ in the third term of Eq. (|3.40|) yields ultraviolet 
divergences only when the term proportional to in is considered. The same 
is true for the last term in Eq. (|3.40|) , where D is only taken up to order Gq. For 
the sake of clearness we list in Appendix the ultraviolet divergent contributions 
produced by each term of Eq. ( |3.40|) . The total ultraviolet divergent contribution 
given by the integral over the singlet helds at order Gi? in the weak interaction 
sector is given by: 


~ (4;r)^(il-4) /“ 29 s)*:{Ax+> + - gs)k{Ax+}{x+} 

+ — [—2g'^{WiQ + hEi2 + Wsq) + gs (4hEio + 2 IE 12 — 4fE2i — 41442 + 2 IT 36 ) 
+2g27Di2 + 2gsk{Ax+){x+)] + ~ 2 IE 12 + 4114i + 41142 ~ 21146 ~ 21148) 

{v 8 k{Au^u^) + v^k{Ax+) + V27q{Au^){Au^) + vok{Au^){u^)) {x+) 

-\i98 - ‘^98)k{Ax+) {vi{Uf,u^^) + V2{x+)) + ^ [2^8(W^io + + Wse) 

Tfi's (hhs — 21140 ~ 2 IE 12 + 4114l + 41142 ~ 21146 ~ 21148) ~ ^8kill — 25f27Tli2] 

+^(as-ai)Wn] + 0{Gl). (3.42) 


The most relevant behaviour concerns the appearance of the quenched chiral 
logarithms, i.e. of the type ruglogm^, that are pure artefacts of the quenched 
approximation. As it was discussed at length in Ref. [^] quenched chiral loga¬ 


rithms appearing in the strong sector can be formally reabsorbed in a redehnition 
(in fact a true renormalization in dimensional regularization) of the Bq param¬ 
eter. In the weak sector an analogous mechanism occurs. The quenched chiral 
logarithms which appear through the hrst term in Eq. (|3.42 ) can be formally 
reabsorbed into a redehnition of the weak mass term coupling g'^ of the leading 
order Lagrangian (p.4|) . To remove the tUq divergence in Eq. (|3.42|) one has to add 
to the lowest order parameter g'^ in the leading Lagrangian (p^) a d-dependent 
part proportional to tUq that has a pole at d=4: 

,d—4 


98 


98 


1 + 




2mQ 


1 - 2 - 


+ ^9M 


167r2d-43F2 

so that the renormalized coupling can be dehned as follows: 


98 R — 98 


1 - 


rrin 


487r2F2 


1-2 


log^ + (5^8(/i) 
98j K 


(3.43) 


(3.44) 
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The rescaling of the coupling g'g together with the rescaling of the parameter 
Bq —>■ Bq defined in Ref. in the tree level contribution to any weak observable 
can be used as a short-cut procedure to unreveal the presence of quenched chiral 
logarithms, generated when the quenched approximation is implemented to one 
loop. 


3.4 The bosonic determinant: complete result 

The complete contribution to the bosonic part of the logarithm of the quenched 
generating functional to one loop is given by 


Zf, = - In det D + -Tr In D 

1 loop 2 2 


w + -Trln(Gr 3 ), 


(3.45) 


where the hrst term is the non singlet contribution which reduces to Eqs. (|3.31|) 
and ( p.33| ) in the degenerate mass case, the second term is the singlet part given 
by Eq. (|3.42|) and the last term comes from the Jacobian of the transformation 
induced by the weak connection. It gives: 


^Trln(Gr3) = ^Tr {aabTs) + 0(G|) = ^J dxall{x) + 0(G|) = 

dx (^Nk{A) + q{A'^) + gsk{A)'^ + 0{Gp), (3.46) 

which is zero at order Gp since the projection operator Aij is traceless. 

It is easy to verify that the complete cancellation of the 1/A^, 1/A^^ terms 
is provided by the sum of the non-singlet contributions ( p.31| ), (|3.33|) and the 
singlet contributions ( |3.42|) , a feature that was already pointed out in Ref. 
for the strong sector. This cancellation is a consequence of the introduction of 
a dynamical singlet held, independently of whether the quenched approximation 
is made. Within the bosonic sector, quenching effects are of two types: 1) terms 
proportional to ml and a and 2) the substitution {x+) —>■ {x+)- Terms of type 1) 
originate from the double-pole part of the super-//' two-point function, whereas 
the substitution of type 2) does eliminate the linear havour number dependence 
that comes from {A4) in the degenerate mass case. By eliminating terms of type 
1) and replacing back {x+) the bosonic determinant becomes the full ChPT 
determinant with a dynamical singlet held. 


ru 


3.5 The fermionic ghost sector 

The diherential operator as dehned in Eq. (p.2|) is given by (a, 6 = 0,1,... N"^ — 

1 ) 

DcO'b = dfj^Gabd^ — —{Nab^ A -[d, N^jj] + aab Aab , (3.47) 
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where Gab = ^ah + Oafe, dfj, is the covariant derivative acting on the ( held as 
dehned in the pnrely strong interaction case and the barred qnantities are dehned 
as follows 

aab = jk{AXaXb) 

_ 1 yy A. y. yy 

= g8^k{{A,u^}XaXb) + g27iq{AXaXb){AUf,) 

N^ab = -^-^g8k{[A,uXK\) 

dJab = ^-k{{{A,u^}+u^Au^)XaXb)+ ^q{{A,u^}XaXb){Au^) 

o 4 

+^k (({A,x+}A„A6) - {[A,x-]^a\)) 
dab = ^((nX + X+ + 45o>l)A“A'). (3.48) 

After rescaling the coefficient of the donble derivative term to nnit, keeping np 
to order Gj? terms and redehning the covariant derivative in the presence of weak 
interactions (i.e. by reabsorbing the N~ term in the covariant derivative d^), the 
fermionic ghost determinant is now given by the prodnct det = det G ■ det ZA(., 
where the rescaled operator acts on the fermionic ghost helds as follows 

k^t^abC ~ ^2 ^ab] dab + dJab 2 ^*^’ 2^^’’ ^ 

d^Ca = d^Ca + fGC\ (3.49) 

with 

r;t = -(r'‘yAj)-iiv„ 7 , (3.50) 

The resnlt for the nltraviolet divergences of the fermionic ghost determinant at 
one loop reads as follows: 


i In det 


i In det I + i In det ZA^ | (s) + A In det ZA(-1 ( 27 ) + A In det ZA^ | as =2 

+ATrlnG, (3.51) 


where the hrst contribntion from strong interactions has been given in Ref. [ 0 , 
while the remaining contribntions from the weak sector at order Gp are 


A In det ZA^ | (g) = 


dx <^ZA|(iV) + 


NM^ 


ggkiAu^) 


(47r)2(d—4) 

+2(5-8 - g8)k{Ax+) + 2gsk{AuG (n^)]} + 0(G|) (3.52) 


and for the 27-plet 

1 r ( NM‘^ '1 

A In det ZA^I( 27 ) = ~ (N) + ^—g 27 q{AuG {Au^ j 

+0(G^). (3.53) 
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With the notation D^{N) and Dj^{N) we dehne the part of the integrals over the 
physical ^ held in Eqs. ( |3.31|) and (|3.33|) that carries the linear havonr nnniber 
dependence. The term z In det Zi)^|A 5=2 is the same as in Eq. (|3.53|) where the 
appropriate tensor is used. The contribution from the Jacobian term zTr In G 
is again zero at order Gp, since it is given by 


zTr In G = zTr 


o^ab + 0{G^p) — i J dx ttaa + O(G^) — 

dx jNk{A} + 0(Gp 


(3.54) 


and Aij is traceless. 


The way Eqs. (|3.52|) and (|3.53|) have been written shows 
explicitly that the integral over the fermionic ghost helds generates a linear havonr 
number dependence only, as expected. As it was noted in Ref. |^, the linear 


havonr number dependence of the physical determinant is not fully explicit for 
degenerate quark masses. In fact, the terms in addition to Df{N) and Df^{N) 


m 


Eqs. ( |3.52|) , (|3.53|) guarantee the cancellation of those N dependent contributions 
generated in the physical sector by the {x+) in the degenerate mass case. 


4 Complete Result 


In the analysis of the complete result for the ultraviolet divergences of the weak 
generating functional to one loop, with and without the quenched approxima¬ 
tion, we limit to the case of non-singlet Green’s functions. This corresponds to 
neglecting the barred chiral invariants Wi and Di which we previously included 
in the partial contributions. They should be considered whenever singlet Green’s 
functions are involved. We also remind the reader that the calculation of singlet 
Green’s functions should also involve a set of contributions proportional to $0 
(0Q in the unquenched case) and coming from the expansion of the strong Vi and 
weak Vi potentials. For the sake of clearness we limit to the non-singlet Green’s 
functions that are the most relevant to phenomenological applications in the weak 
sector. 

In the following formulas we give the complete ultraviolet divergent part of 
the hadronic weak generating functional (with the exclusion of singlet operators) 
in the quenched approximation and with degenerate quark masses for AS = ±1 
interactions, octet and 27-plet, and for AS = 2 interactions. They are as follows: 



(47r)^((J—4) 


{^"^0(^8 - 2^8)fc(Ax+) + 


+ 


(hhe 

a 

12 


16^ 


16 


1 - -irVi + -^8 (1 - 


fhy + — (5'8 ~ 
16 


(fi'8 - fi's) ~ gfi'8^ (^12 + fhse) + ~ ~ 




878)1^8 

fhio 
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(4.1) 


a 


a 


o + ^ (^8 - ^s) - - 2^8) - + 77:c/8 


36 


12^ 


PFi 


11 


+ (^--^98 + (W4i + 11^22) I + 0 { G %) , 


where counterterms Wi are listed in Appendix ^ and the operators Ws and Wn 
have been replaced by the quenched ones with the substitution (x+) —>• (x+). 
As explained in the case of strong interactions m , the redehnition provides the 
subtraction of terms that become linearly dependent upon the number of flavours 
in the degenerate quark mass limit. The 27-plet contribution is given by 


2(27) = 


(47r)2((i—4) 


1 5 

dx 927 \ 


1 7 

-Dg- Di 

8 ^ 24 ^ 




:D. 


1 3 

~D7 + —Dg 

2^8 


8 


:Do 


1-2 


V27 

927, 


D 


10 


:D 


11 


- (1 - I H 


a2 


I2D13 + ^^14 - + ^1^17 


7 

- Di8 

12 

■^-023 4 


:D 
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:D 


20 


-D 


21 


-D 


22 




+ 0(G'2 


FJ ) 


(4.2) 


where counterterms Di are listed in Appendix and the operator Diq has been 
replaced by the quenched one with {x+) —>■ {x+)- The quenched generating 
functional for AS = 2 interactions has exactly the same structure of Z'^ 27 )j where 
the AS = 1 tensor in the counterterms is replaced by the AS = 2 one. 


4.1 Analysis of divergent counterterms 

In order to make clear within the present approach how the quenched approxima¬ 
tion modihes phenomenological predictions in the weak sector we hrst investigate 
the main properties of the weak divergent counterterms in the full theory and 
their role in mediating weak processes. We then compare the quenched value of 
each divergent counterterm to the corresponding one in the full theory. Notice 
that once the quenched counterpart of each divergent contribution has been de¬ 
rived, one knows how the quenched approximation affects the coefficient of chiral 
logarithms for any weak observable. 

In the full theory we dehne the divergent contribution to the AS = ±1 coun¬ 
terterm Lagrangian at order with the following sums 

C\^)=98T.^iWi, (4.1) 

Id 

24 

'^^27) = 927 X! ’ (^-2) 

i=l 
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where the set of values {i} in the octet Lagrangian runs over the divergent set 
of counterterms given in Appendix ^ They are 25 in total. The 27-plet tensor 
tij,ki ^pg ]j. invariants is the one dehned in Eq. (^). The counterterm 

Lagrangian in the AS = 2 case is 


^AS=2 — i/27 


24 

AS=2 ^ 
i=l 




(4.3) 


where now ^^3,23 _ ^ 32,32 _ g otherwise. Since the 27-plet operators which 

induce AS = 1 and AS* = 2 transitions are components of the same irreducible 
tensor under SU{3)l x SU{3)ji, the coefficients di in both Lagrangians have to 
be the same. The renormalized value of the coefficients Wi and di can be dehned 
in the conventional way and using dimensional regularization: 

Wi = {vi + —v'i + —A -h (/i) = Vi\ + Wi (n) 

V 98 98 J 

di = 6iX + dl{fj.), (4.4) 


while we recall the analogous dehnition for the coefficients of the strong coun¬ 
terterms 

L, = r,A + L[(/r). (4.5) 

A contains the divergence at d = 4 


A 


^ r 1 

1677^ .d —4 


l(ln4x + r'(l) + l) 


(4.6) 


/i is the renormalization scale, while the coefficients Vi, u', Vi, 6i and their quenched 
counterpart uf, v'i, vi, 51 are given in Tables (|I]) and (|]). The coefficients Tj of 
the strong counterterms and their quenched counterpart can be found in Ref. 
rm . For the following phenomenological analysis it is also useful to introduce 


the scale independent constants 


Wi 

di 

u 


3277^ 


3277^ 

3277^ 

tt 


< { 9 ) - In — 

<(h) - In — 
9^ 

L[(p)-ln — 


(4.7) 


and their quenched counterparts wi, di, Lj. They carry the chiral logarithms, 
e.g. Wi = — InM^ where is the squared bare meson mass, and the 

analogous dehnition for the other constants. 

The quenched approximation largely reduces the ultraviolet divergent contri¬ 
bution to the octet sector at one loop. The only octet operators whose divergence 
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is not modified by quenching are Wi, i = 4, 6 . Within the class of divergences pro¬ 
portional to gg, the octet operators Wi, i = 10,12, 21, 22, 36 acquire a divergence 
proportional to a coming from the quenched anomalous singlet sector and Wu 
gets a contribution proportional to a^. Wy, Wg and Wu get a contribution from 
the strong and weak potentials Vi, Vi. Notice that our list of octet counterterms 
in the full theory differs from the one in Ref. 0] for the presence of Wgg, which 
has to be kept as a linearly independent operator for a flavour group SU{N) with 
generic N. For N = 3 flavours this operator can be eliminated with the use of 
Cayley-Hamilton relations, that give Wgg = —W^ 4 - Wq -|- l/2fF7 -|- Wg. 

The octet operators Wi contribute to several different decay processes of the 
K meson. Wi, ... W^ contribute to iF —^ Svr decays, W^, ... Wu and Wgg to 
K —>• 27r, Svr decays, Wu, ... Wig to radiative K decays and hnally Wig, ... W 27 
only to processes which involve an external W gauge boson (in addition to the 
non leptonic weak transition). WgQ and W 37 are contact terms which are only 
needed for renormalization purposes. 

The role of the contributions induced by the weak mass term (i.e. the terms 
proportional to g'g) has been extensively discussed in Ref. for the most general 
case of off-shell Green’s functions, while in Ref. it is shown how their contri¬ 
bution can be reabsorbed in a rescaling of some of the counterterms proportional 
to gg for on-shell matrix elements. The operators Wi, i = 5, 7, 9,10,11,12, 36 get 
a contribution proportional to g'g in the full theory. In the quenched approxi¬ 
mation the contribution to W 5 and Wg becomes zero, while Wig, Wu, W^g get a 
contribution proportional to a, Wu to and Wy, Wu to Vi, hj. 

We also included the contributions coming from the extra term proportional to 
gg of the leading 0{p^) weak Lagrangian in the presence of the singlet held. This 
term induces contributions to the octet operators Wi, i = 10,11,12, 21, 22, 36, in 
addition to all the singlet induced barred operators Wi. After quenching, only 
the divergence of Wu is modihed (with the exclusion of the Wi operators), where 
a contribution proportional to a appears. 

In the 27-plet sector all the unquenched chiral invariants Di survive to the 
quenched approximation. The operators Di, i = 1,2, 4, 8,13,14,15,16,17,18,21, 
22 loose their linear havour number dependent contribution, Du looses the 1/N 
term due to the presence of the dynamical singlet held, while getting a contribu¬ 
tion proportional to a. Du gets a contribution from V 2 y. Counterterms Di, ... Dy 
contribute to iF ^ 37r decays, Dg, ... Du to iF —> 27r, 37r decays, Du, ... Du 
to radiative K decays and Du, ... ZI 24 to processes with an external W gauge 
boson. 


5 Applications to weak observables 

In this section we use the results obtained through the calculation of the full 
and quenched weak generating functional to one loop to estimate in a few cases 
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Table 1: List of the octet counterterms Wi at order for a generic number of 
flavours N. For each counterterm we list the coefficients of the divergent part 
Vi, v' and Vi as dehned in Eq. ([4.4|) in the unquenched case with no singlet 
held (denoted as CHPT) and in the quenched case (qCHPT). The unquenched 
contribution from Vi is always zero in standard CHPT where no dynamical singlet 
held is present. As we have indicated in the table, chiral invariants containing 
(x+} have to be changed with (x+) —> (x+) in the quenched case. 
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Table 2: List of the 27-plet divergent counterterms Di at order for N generic. 
Notation as in Table (|l|). 
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how the quenched approximation modihes the contribution coming from chiral 
logarithms to nonleptonic weak matrix elements. We focus on in the AS* = 2 
sector and it' —> tttt matrix elements in the AS = 1 sector. The Bk parameter 
has been extensively investigated in the literature both in the unquenched case 
(see e.g. Refs. 0, 0, [T|, 0) and in the quenched approximation (see e.g. 

for recent lattice determinations). Recent 


Refs. 


16 


and Refs. 


attempts to compute unquenched (really partially quenched) B^ on the lattice 
can be found in Refs. |^. The same interest has been devoted to the 

formulation of analytic approaches to iC —> ttyt decays in the full theory, see 
e.g. [0, |1^ ^]. An attempt to £x the order counterterms in 

A —vrTT decays from the off-shell Kn, Krj weak transitions has been done in 
Ref. 1^. In the quenched approximation, a hrst analysis of the AJ = 3/2 decay 
K~^ —>■ 7r~^7r^ can be found in Ref. |T^, where hnite volume effects on the lattice 
are also investigated. The most recent numerical determination of K~^ —tt+tt'’ 
amplitude on the lattice and in the quenched approximation is reported in Ref. 
pm . In what follows we shall concentrate on the comparison of chiral logarithms 
that contribute to the various weak quantities in the full and in the quenched 
theory. Although some of the results are well known, as in the case of B^, the 
structure of the counterterms and their flavour number dependence will be clear 
in this context. 


5.1 The Bk parameter 

The Bk parameter is dehned in terms of KqKq amplitudes as follows 

Mk = {Ko\Ok{x)\Ko) = BK{^Ji)M,ac- (5.1) 

Ok{x) is the effective four-quark operator Ox (a:) = {s{x)'j^{l—^ 5 )d{x)){s{x)'y^{l — 
lb)d{x)), where summation over colours is understood within brackets, and M.vac 
is the result of the vacuum saturation approximation 


= j(A'ci|s7(.(1 - 75)<*|0)(0|s 7'‘(1 - 75)<i|/'-'o> ■ 


(5.2) 


The scale dependence of i?x(h) is due to the fact that the effective four-quark 
operator Ok{x) has an anomalous dimension. The scale independent quantity 
is the physical matrix element {Kq\T-[as= 2 \Kq), where the effective Hamiltonian 
'Has=2 can be written as 'Has=2 = —C^^^‘^Ok{x), with the constant 
dehned in Eq. (|2.15|) , while the matrix element of the four-quark operator Ok(x) 
is now scale invariant and dehnes the renormalization group invariant Bk = 
BK(iu)as(ju)°'+ [^. The realization of Ok{x) in terms of low energy degrees of 


freedom is contained in the effective Lagrangian of Eq. (E3) that gives Ok{x) = 
G 27 -^^(A 32 M^)(A 32 M^). At Order in the chiral expansion one obtains 


Mk = ^G27F^m^ 




(5.3) 


26 





















(5.4) 


where F and m? are the bare kaon decay constant and sqnared mass and 

Bk = ^^27 , 

with G 27 = 1 in the large-A''^ limit^ The same resnlt is valid in the qnenched 
approximation where the bare parameter G 27 , the sqnared meson mass nF and 
the meson decay constant F are replaced by the qnenched ones. At order in 
the chiral expansion the vacnnm satnration amplitnde gets renormalized so that 

16 

■M-vac — ~^Bk^K • (^•^) 

The fnll amplitude M.k receives contributions from the strong and weak sectors. 
A detailed analysis at order in ChPT can be found in Ref. |^. Within the 
l/Nc expansion one can distinguish the factorizable (i.e. the non zero ones in the 
large limit) and the non-factorizable diagrams at order p^. The factorizable 
contributions provide the renormalization of masses and decay constants. The 
non-factorizable contributions are the only ones relevant to B^- We write 
as the sum Bk = BK\ctr + where the hrst term contains the analytic 

contributions coming from the effective Lagrangian up to order p"^ and the second 
term contains the non-analytic corrections coming from the one-loop diagrams. 
The generating functional as it was derived in the previous sections gives in one 
step the divergent part of the analytic contribution to any hadronic weak matrix 
element; in other words it gives the coefficients of the chiral logarithms that 
contribute at one loop to any hadronic weak matrix element, both in the full 
theory and in the quenched theory. We limit the analysis to BK\ctr with the 
purpose of illustrating how the quenched approximation modihes the coefficients 
of the chiral logarithms in the degenerate mass case. At order in the full theory 
BK\ctr reads as follows 

BK\ctr = ^^27 (A -|- i? -|- C) I , (5.6) 

with 

B = + I6(d5 - L5) 

m^K 

C = -16 d/, (5.7) 


where dg, dio, di 2 are the weak AS* = 2 counterterms dehned in Eq. ([4.4|) and 
L 4 , L 5 are the strong counterterms as dehned in Eq. ( |4.5|) (see also Ref. 


10 for 


®At order in ChPT the same parameter 6*27 relates Bk to the A/ = 3/2 amplitude 
—4 7r+7r° |0. One loop corrections due to SU{3) breaking were derived in p^. 
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their definition in the full and quenched case). The contribution from C is due 
to one finite counterterm q{Ax-){^X-) with coefficient df. 

In the degenerate quark mass case (i.e. Af = mql) A is zero, while the 
first coefficient in B develops an extra linear flavour number dependence. Notice 
that the combinations dio — 2 L 4 and ds — in B come from the residual non- 
factorizable part of the total contribution from counterterms Diq and Dg, while 
their factorizable part goes into the renormalization of in the full Aix matrix 
element. In addition, the flavour number dependence of Dg and Diq is exclusively 
contained in their factorizable part. It is now a simple exercise to show that in the 
degenerate quark mass case the chiral logarithms contributing to Bk at one loop 
are the same in the full theory and in the quenched theory (i.e. no flavour number 
dependence is produced in the full theory for degenerate quark masses). In the 
quenched degenerate mass case the operator Diq does not contribute anymore to 
Bk so that at order one gets 

Q ( /\y2 'I 

BliU = |l + -jA (A- + B" + C)! . (5.8) 

with 


A-? = 0 

Bi = 16(41-LI) 

C" = -164} (5.9) 


and the weak coupling, mass and decay constant are the quenched ones. Notice 
also that L\ in the quenched case becomes finite. 

The renormalized BK\ctr can be obtained from Eq. (^. 6 |) through the substi¬ 
tution Li —>• and di —>• g§^di (with the exception of d/), where the barred 

constants are the scale independent constants defined in Eq. (E). 

The renormalized BkI^v can analogously be written in terms of Lf and df 
through the same substitution (with the exception of Lf) in Eq. (|5.8|) . The scale 
independent constants carry the chiral logarithm, e.g. dj = — InM^ -|- .. .. By 
inserting in the renormalized expressions of BK\ctr and Bf^ldr the values of the 
coefficients 6i and df as given in Table (||) and using r 4 = 1/8, Ts = N/8 for the 
coefficients of the divergences in L 4 and L 5 we get the contribution to Bk coming 
from the chiral logarithms in the full and quenched theory 


B 


K ctr — 


B‘^ 


K \ ctr 
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= -Glrh-Q 


^K 

327r2F2 

Mi 


In 


m 2 

—T • 

p 2 

, M 2 
In —^ -|- 


327r2F92 


(5.10) 


where the renormalization scale dependence cancels in the sum. Eq. (|5.10|) 
proves the flavour independence of the next-to-leading contribution to Bk in the 











full theory and the consequent equality of the coefficients of chiral logarithms in 
the full and quenched case for degenerate quark massesQ. 


5.2 K ^ 7T7T matrix elements 

The analysis of —>■ tttt matrix elements in the full theory, using the effective 


weak chiral Lagrangian at order has been done in Ref. [^. Using those 


formulas and the quenched counterpart of the divergent counterterms derived in 
the previous sections, we can produce a few quantitative estimates of quench¬ 
ing effects on the coefficients of chiral logarithms that contribute to R' —> tttt 
amplitudes. We work in the infinite volume limit for illustrative purpose, while 
we defer to future work the analysis of aspects more closely related to an actual 
lattice simulation. We consider K —> tttt matrix elements with AJ = 1/2 and 
AJ = 3/2 in the full theory at one loop and derive the modifications induced 
by quenching in the coefficients of chiral logarithms for degenerate light quark 
masses = m, m = (i.e. ttik = The amplitudes in the full 

theory are first computed in the case where no dynamical singlet component is 
present and for non degenerate quark masses. Next, we consider the two limits 
rriK = and m.,^ = 0. In the first case, rriK = the explicit flavour number 
dependence of the full amplitudes is shown. Once the flavour number dependence 
of the full amplitudes is known in the degenerate mass case, it is immediate to 
derive the corresponding quenched expression for degenerate masses. Each coef¬ 
ficient of the chiral logarithms in the full amplitudes is replaced by its quenched 
value according to Tables ^ and This in practice amounts to eliminate the 
flavour number dependence of the full amplitudes and to add new contributions 
(proportional to m^, a, Uj, Vi) coming from the anomalous singlet sector. 

We decompose the K ^ nn matrix elements into definite isospin invariant 
amplitudes as follows 



(5.1) 


where Kg ~ Kf + e K«, A'fp, = (K« - (+)K«)/V2, CP = +(-) Afp, and 


we set £ = 0 since CP violation is small. The isospin 1/2 amplitude can be 
written as follows 


Aq = —iao 


(5.2) 


^No contribution from the anomalous singlet sector is present in the quenched degenerate 


mass case. 
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and the analogous for the isospin 3/2 amplitude 


A 2 = -m 2 , 

where ^ 0,2 are hnal state interaction phases. At order we get 


QmAo = Am(AQ + Aq'^) = — 


gs + g5'27 


\/6 

J3 


^ {ml - ml), 


AmAs = -g27^^0{ml-ml), 
where we use F = 93 MeV and 


(5.3) 


(5.4) 


^0 — ^2 — 0 . 


(5.5) 


In the quenched approximation each parameter in Eq. (^.4|) (i.e. masses, weak 
couplings and decay constant) has to be replaced by its quenched counterpart. 
At order p'^ in the chiral expansion we dehne the full generic amplitude AmAj 
as the sum AmA/^r + where the hrst term contains the analytic 

contributions coming from the effective Lagrangian up to order p'^ and the second 
term contains the non-analytic corrections coming from the one-loop diagrams. 
Both contributions have been derived for the physical amplitudes in Ref. [^. 
In the following we generalize the analytic part of the amplitudes to a generic 
number of flavours; one can then obtain its quenched approximation by replacing 
each divergence in the full amplitude by its quenched value and setting to zero any 
residual flavour number dependence (i.e. the one coming from (Af) contributions 
at degenerate quark masses). This procedure is the most immediate to obtain 
the coefficients of chiral logarithms in the full and quenched theory and in the 
degenerate mass case. 

For the octet physical amplitude in the full theory, with m 7 ^ m^, we get 


AmAolctr = -gs 


Vq 

FkF^ 


{ml - ml) i 1 + ^ (2 m; 5 + dwy - 2tcio 


-4tCii - 2tCi2 Wss) 4:ml {w^ - 2W7 + Wg) + 8i?o(Af )tC8] } 


, 8 ^ {ml - ml) r 2 


As 


FkF^ 


F 2 


m^ (— 4 T 4 — T 5 -|- 8/^6 T 4Ts) -|- 2?71j^T4 ,(5.6) 


where the meson decays constants Fk and in the leading order amplitude 
are the renormalized ones; their expression at order is given in Refs. [^, 
their analytic contribution at order p^ for a generic N gives the following result 


FkFI 


ctr 


= F-^ 


24:Bo{M) ^ 4 , „ ■ 

1 H--T4 -h -^{t^k + 2m^)L5 


(5.7) 
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(a) 



(d) 


Figure 1: Tree level diagrams that contribute to iF —> tttt matrix elements at 
order The crossed box is the insertion of a weak counterterm (octet Wi or 
27-plet di). The crossed dot is the insertion of a strong counterterm Lj. The box 
is an order p^ weak vertex (^fg, g 27 )- The dot is an order p^ strong vertex. 

Diagram (d) is a wave function renormalization diagram for each external leg. 


In Figure (]l|) we list the tree level diagrams which give contribution to all iF —> tttt 
amplitudes up to order in the chiral expansion. The hrst two lines of Eq. ( 0 ) 
come from diagrams (a) and (c) of Figure (|^). Diagram (c) gives contribution 
only to tcii. The third line comes from diagram ( 6 ), while diagram [d) for each 
external line gives the renormalization of in the leading order p^ amplitude. 

Meson masses rriK and are always the renormalized physical ones because they 
come from factors p]^, where we take the external momenta on shell. The 
expression in Eq. (|5.6|) is valid for a generic number of flavours N. In this respect 
it differs from the one in Ref. [O. Also, our choice of the octet basis slightly 


differs from the one adopted in there, while it coincides with the one chosen 
in Ref. when counterterm IFgg is eliminated in the three flavours case. All 
counterterms in Eq. (^. 6 |) are divergent. In the degenerate quark mass limit 
the counterterm IFg induces a linear flavour number dependence due to the term 
2Bq{A4) — Nm^. Besides, Wn yields a linear flavour number dependence in 
the degenerate mass case, being proportional to (x+). However this contribution 
drops out in the sum of diagrams (a) and (c) depicted in Fig. (|^. The strong 
counterterms with coefficients L 4 and L 5 again produce a linear flavour number 
dependence in the wave function renormalization diagrams of the type shown in 
(d) of Figure i). which is fully reabsorbed in the renormalization of the product 
FkF^ of meson decay constants. 

For instructive purpose we derive the flavour number dependence of the coef- 
hcients of chiral logarithms that enter the octet amplitude at order p^ and in the 
degenerate quark mass case. To this aim we hrst obtain the fully renormalized 
analytic contribution at order p‘^ by performing the substitution Wi —> and 


327r2 


Li in Eq. 


, where L^, Wi are the scale independent constants dehned 
in Eq. (14.71) . Then we use the fact that Wi = — lnm|- + ..., Lj = — Inmj^ + ... 


to derive the coefficients of chiral logarithms. Their contribution is given by the 
following ratio 


Am A® I 
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6 8 
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(5.8) 
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where we expressed everything in terms of and the /i dependence cancels in 
the complete amplitude. QraA^ltree is the order bare amplitude of Eq. (|5.4|) , 
also obtained from Eq. (|5.6|) when the product FkF^ has been converted to the 
unrenormalized F^ through the relation (|5.7|) ; the divergent contribution to (|5.7|) 
is obtained using r 4 = 1/8, Es = N/S for the coefficients of the divergence in L 4 
and L 5 . Notice that the chiral logarithm coming from the strong counterterms 
part pg ■ Li in Eq. (|5.6|) exactly cancels the one proportional to pg coming from 
the weak counterterms ta/s. For N = 3 the coefficient of the chiral logarithm in 
Eq. (^. 8 |) is (11/18), which becomes —(35/9) when F^ FkF'^ is replaced in 
the tree level amplitude^ 

The analytic contributions to the 27-plet physical amplitudes up to order 
are as follows: 




— ~927 


76 
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^ + F2 L 


8m^ {2ds — 2df + 6dg 


^mA 


2 \ctr 


—6di2) + 4:171^ (dg — 9dg + dll) + 16i?o(Af)dio | 

16m^(d8 - df) 


— ~927 


1073 ^2 fi I 1 

-r mh — mt) 1 H- 


^2 L 


+4771^ (dg + dll) + 16i?o(Af)dio I . 


(5.9) 


(5.10) 


In the 27-plet case there is one hnite counterterm with coefficient df which gives 
contribution. This counterterm is q{Ax-){Ai.X-) and it does not produce any 
flavour number dependence. As in the octet case, counterterm Dig yields a linear 
flavour number dependence in the degenerate mass case. Again, the renormalized 
analytic contribution is obtained by performing the substitution dj —> g^dj (with 
the exception of the hnite term df) in Eqs. (|5.9|) and (|5.1CI|) . The havour number 
dependence of the coefficients of chiral logarithms in the 27-plet case is now given 
by the following ratios 


^mAl^lctr I 

^mAfltree 


%=m„ 1 T 
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16772^2 /i' 


+ 


(5.11) 


which gives —(17/4) for the coefficient of the chiral logarithm with A^ = 3 (it 
goes to —(35/4) when F^ —>• FkF^) and 




2 ctr 


‘AmA 


=m, 1 ffi 


\m=ms 


2 tree 


K 


4 4 / 167r2F2 




(5.12) 


which gives —(11/2) for the coefficient of the chiral logarithm with A^ = 3 (it goes 
to —10 when F^ FkF^). The non degenerate case with = 0 moves the 


® Notice that the coefficient of the chiral logarithm in Eq. (5.8) becomes —(5/4) in the non 
degenerate case for = 0. This can be derived from Eqs. (5.6) and (5.7) by setting m 7 r = 0. 
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coefficients of chiral logarithms to —(15/2) and —(3/4) in Eq. (|5.11|) and (|5.12| ) 
respectively. 

The quenched version of the analytic contribution to the ‘^mAi amplitudes at 
order and in the degenerate mass case can be easily derived by replacing the 
quenched values for the coefficients of the divergences z/j, 6 i, Tj, as given in Ref. 
and Tables (|I|), (|^) and dropping the residual flavour number dependence due 


to the {Ai) for degenerate masses. Again, we dehne the limit of equal masses 
of the counterterm over tree amplitude ratio and we dehne as M the degenerate 
meson mass in the quenched amplitudes. The quenched octet ratio is given by: 


Q 

ctr 


AmAgl 


= 1 + 


2 M2 


(12^5 + 8wy + 4:Wg — SwiQ — IGvjfi — 8wi2 + dtcfg) 


„/ Q l\/f 2 

(-2L2 -LI + 8Ll + 4L|) , 


98 -F" 


(5.13) 


where the weak order couplings and decay constant are the quenched ones. 
Notice that in the quenched case the product of meson decay constants in the 
leading order amplitude is only renormalized at one loop by a hnite counterterm 
. It is important to note that the weak mass term contribution from pg never 
appears in the leading order amplitude, but it gives a residual contribution of the 
type pg • Ll to (|5.13|) . As we saw in Section (^?3|) the quenched chiral logarithms 
generated in the weak interaction sector can be formally reabsorbed into a re- 
dehnition of the weak coupling pg —>■ pg^. In addition, the anomalous behaviour 
of the singlet sector in the quenched approximation yields a modihcation in the 
power counting due to the presence of a new dimensionful expansion parameter 
ruo, the singlet squared mass. For this reason, quenched ChPT becomes a dou¬ 
ble expansion in powers of the standard chiral parameter e = M^/lbvr^F^ and 
the singlet parameter 6 = m^/lGNc'K‘^F‘^ (which induces a 1/Nc expansion). Eq. 
(|5.13| ) shows that in the degenerate mass case quenched chiral logarithms cannot 
appear at one loop, while the one obtained from the rescaling of g'^ in Eq. 

(|5.13| ) is already a two loop effect and of order e ■ 5 in the combined chiral and 
1 /Nc expansion^ . 

The 27-plet quenched ratios are as follows: 





‘AmA2\ctr 

AmAalt^ee 


7h=m, 


J\j 2 

1 + (204 - 16d} + 12d^ + - 48df2) (5-14) 

1 + ^ (20d^ - 16d} + 4d? J . (5.15) 


As it happens in the full theory only one finite counterterm q{Ax-){^X-) with 
coefficient dj contributes to the 27-plet amplitudes. 

^Notice however that the order amplitude always contains the fully renormalized meson 
masses. 
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V; 



(d) 


Figure 2 : One loop contributions to iF —> tttt matrix elements with a single 
insertion of a weak Vi or a strong Vi vertex in the quenched approximation. A 
singlet field is always running in the loop. Notation is as in Figure (|lD. 


The contribution from the chiral logarithms to the quenched amplitudes can 
be derived with the same procedure adopted in the full case, i.e. through the 
derivation of the renormalized amplitudes in terms of the scale independent con¬ 
stants wf, dj, Lj and using the quenched values of the coefficients z/j, 6 i as given 
in Tables (|l]) and For the coefficients of the divergence in the strong Lj we 
use F 4 = 1/8 — Vi/2, Fg = 1/16 — V 2/2 + 172, Fg = —a/12, as derived in Ref. 

rm . The result reads as follows: 
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, m 2 

In — 
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(5.16) 

(5.17) 

(5.18) 


where we defined e = . While in the AJ = 3/2 amplitude A 2 no trace 

of the singlet anomalous sector is present through chiral logarithms proportional 
to the singlet parameters a, Vi and hj, this is not the case for the AJ = 1/2 
amplitudes also in the degenerate quark mass limit. In Figure (H) we clarify the 
origin of the one loop contributions to Eq. (^.17|) that are proportional to the 
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Full {mx = m 7 r) 

Full (m^r = 0) 

Quenched 

000 

11 

18 

5 

4 

- (7 + 1“^ “ 2a) + Vi, Vi,gs, g's 


17 

4 

15 

2 

-4 (1 - f) 

^2 

11 

3 

13 

2 

4 

4 


Table 3: The coefficient of m^/( 167 r^F^) ln(m^//i^) (with m? = m\ (Full), 
(Quenched)) for the full amplitude with mx = (second column), 
tUtt = 0 (third column) and for the quenched amplitude (fourth column). 

strong singlet potentials Ui, V 2 and the weak singlet potential v^. No contribution 
proportional to hg nor V 27 is allowed in this case. The total contribution to Eq. 
(|5.17|) and proportional to g'^ ■ vi is zero due to the exact cancellation of loops 
(b) and (c) in Figure (j^). For V 2 the extra one loop contribution shown in (d) 
of Figure (^ gives the net divergence in Ag in the quenched case. Contributions 
proportional to a and are the usual ones coming from one or two insertions of 
the double pole term of the singlet propagator in a one loop diagram (no more 
than one insertion per singlet line). 

In Table (^) we compare the coefficients of chiral logarithms for the three 
amplitudes in the full theory and in the quenched approximation. For the full 
amplitudes we consider two extreme mass configurations in the one loop correc¬ 
tions: a) degenerate masses, i.e. mx = and b) = 0. The numerical 
analysis of the physical non degenerate mass case together with the compari¬ 
son with unphysical choices of the matrix elements on the lattice will be given 
in Ref. |§]. Notice that the coefficient of the chiral logarithm in the quenched 
octet amplitude cannot be determined because of its dependence upon unknown 
parameters of the singlet sector. 

The coefficients of chiral logarithms in the full 27-plet amplitudes 
and ^mA 2 are quite large in the degenerate mass limit. In addition, by the 
comparison of second and third column in Table (§) one can conclude that all 
the coefficients in the full amplitudes are extremely sensitive to the variation of 
masses. Going from the degenerate mass case to the limit = 0 the coefficient 
of the AJ = 3/2 amplitude decreases in absolute value by a large amount (from 
-5.5 to -0.75, ~ 86 %), while the one of the AJ = 1/2 amplitude increases by 
~ 76% (from -4.25 to -7.5) in the 27-plet case. The coefficient of the octet case 
changes sign going from 0.6 to -1.25. Going from the case mx = fn-„: to the case 
tUtt = 0 we notice a drastic increase of the corrections to the AJ = 1/2 amplitudes. 
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in contrast to a sizable decrease of the corrections to the AJ = 3/2 amplitude. 
The values of the coefficients at tUtt = 0 clearly produce an enhancement of the 
AJ = 1/2 amplitude. In Ref. a more complete analysis of the physical case 
will be given. 

Setting a ~ 0 and disregarding for now the unknown contributions to the 
octet amplitude in the quenched case we hnd the following pattern going from 
the full degenerate mass case to the quenched one. Quenching reduces from 0.6 
to -0.5 the coefficient of the chiral logarithm in the octet amplitude A®. Notice 
however that the quenched result is very sensitive to the numerical value of the 
parameter a. At present, no precise measurement of a is available on the lattice. 

The coefficient in Aq^ is only reduced by about 6% in absolute value (from - 
4.25 to -4). Again, a value of a different from zero affects the result. For example, 
a = 0.6 would give a reduction of about 34% (from -4.25 to -2.8). Comparing 
instead with the = 0 full case, quenching, with a = 0, reduces the coefficient 
in Ag^ by about 47% (from -7.5 to -4). In the case of A 2 , comparing with the full 
degenerate mass case, the coefficient of the chiral logarithm is reduced by about 
41% (from -5.5 to -3.25). No dependence upon a is produced. The pattern is 
opposite for A 2 when we compare the quenched amplitude to the = 0 limit 
of the full amplitude. In this case quenching increases the coefficient in absolute 
value from -0.75 to -3.25, producing an enhancement of the AJ = 3/2 amplitude. 

This analysis shows that in most of the cases we have considered here, quench¬ 
ing tends to produce sizable modihcations of the coefficients of the chiral loga¬ 
rithms in the AJ = 3/2 and AJ = 1/2 amplitudes. However, the knowledge of the 
parameter a is essential in order to improve the determination of the quenched 
AJ = 1/2 amplitudes. The comparison with the = 0 limit of the full am¬ 
plitudes, expected to be the most approximate to the physical value, has shown 
that the modihcation induced by quenching (with a = 0 and degenerate quark 
masses) follows a pattern that tends to suppress the AJ = 1/2 dominance. 


6 Summary and conclusions 

We presented the derivation of the ultraviolet divergences of the generating func¬ 
tional for hadronic weak interactions at one loop in the full theory and in the 
quenched approximation. Weak interactions with AS* = 1, AJ = 1/2 and 
AJ = 3/2, and AS* = 2 have been considered. The aim was double. Within 
the full theory we added a few results to the previous analyses: we derived the 
modihcations induced by the inclusion of a dynamical singlet held, and con¬ 
structed a minimal basis of divergent counterterms at order both in the octet 
and 27-plet sector. The whole derivation is done for a generic number of havours 
N. The list of ultraviolet divergent counterterms and the coefficients of the di¬ 
vergences in the full theory with A generic are given in Tables (|lD and (^. The 
generating functional in the full theory and for N = 3 was already derived in 
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Ref. 1^, while a minimal basis for the octet sector was optimized in Ref. 0; 
there, the modifications induced by a singlet dynamical field were anticipated 
(see appendix A of Ref. 0). Here, the modifications induced in the generating 
functional by the singlet dynamical field are analyzed in more detail (see Section 
(|3.4|) for a summary of the results). 

Within the quenched approximation the aim was to develop a systematic 
tool for treating the one loop corrections of quenched ChPT in the pres¬ 
ence of weak interactions. The method used here (i.e. the generating functional 
approach) was already proposed in Ref. in the case of the quenched approxi¬ 


mation of ChPT for strong interactions, while it was first introduced in standard 
ChPT in Refs. [0, 0. The presence of weak interactions does not spoil any of 
the needed properties of the generating functional, while we perform an expansion 
in powers of the coupling Gp. 

The cancellation of the flavour number dependence induced by the quenching 
procedure is verified within the present approach. The linear flavour number de¬ 
pendence is cancelled by the fermionic ghost determinant, while the cancellation 
of the inverse powers 1 /N, l/N"^ is due to the appearance of a dynamical singlet 
field. The modifications induced by quenching are summarized in Tables (|lD and 
(H). Quenching largely affects the structure of the divergences in the octet sec¬ 
tor of the theory, where the number of divergent counterterms goes from 25 to 
10, while all the divergences in the 27-plet sector remain, loosing their flavour 
number dependence. 

An interesting feature of the quenched approximation in the presence of weak 
interactions is the appearance of new quenched chiral logarithms (i.e. of the type 
ruglogm^, where tuq is the singlet mass), in addition to the ones generated by 


quenched strong interactions. In Ref. lOT it was shown that quenched chiral 


logarithms appearing at one loop of the strong interactions amount to a redefi¬ 
nition of the Bq parameter which measures the quark condensate in ChPT. Here 
we have shown that the quenched chiral logarithms induced by weak interactions 
can be accounted for via a redefinition of the weak mass term coupling of the 
leading order weak Lagrangian. 

Once the ultraviolet divergences of the weak generating functional to one 
loop are known in the full and in the quenched theory and for degenerate quark 
masses, all the coefficients of chiral logarithms are known in both theories, for 
any nonleptonic weak matrix element. As an application of this result, we have 
considered Bp and K tttt matrix elements to one loop, in order to extract 
the modifications induced by quenching in the coefficient of chiral logarithms. At 
this stage the analysis is done at infinite volume. The well known result for Bp 
^ is found and the structure of the divergent counterterms is clarified for this 
quantity. For the contribution of chiral logarithms to K —>■ tth matrix elements 
in the full theory we used the results derived in Ref. and generalized them 
to a generic number of flavours N. The quenched expression of each matrix 
element is also given for degenerate light quark masses. In Ref. H we shall 
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report a more detailed numerical comparison of the physical amplitudes with 
lattice amplitudes, i.e. where an unphysical choice of the kinematics is done with 
or without the quenched approximation. 

Main result of the numerical analysis is that, in most of the cases considered 
here, the quenched approximation in the degenerate mass case tends to produce 
sizable modihcations of the coefficients of chiral logarithms in the AJ = 1/2 and 
AJ = 3/2 amplitudes (see Table (|D). However, the knowledge of the singlet 
parameter a is essential in order to improve the determination of the quenched 
AJ = 1/2 amplitudes. 

Also, the pattern of the corrections in respect to the AJ =1/2 rule goes as 
follows. The contribution from chiral logarithms in the full (unquenched) theory 
and for = 0 clearly produces an enhancement of the AJ = 1/2 amplitude. 
Instead, the comparison of the values of chiral logarithms in the quenched am¬ 
plitudes with the rriTT = 0 values of the chiral logarithms in the full amplitudes 
shows that the modihcations induced by quenching follow a pattern that tends 
to suppress the AJ = 1/2 dominance. 
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A List of weak operators 

We define here the weak operators that carry the ultraviolet divergences of the 
weak generating functional to one loop at order Gp- With Wi we dehne the 
octet operators which are nonzero in the absence of the singlet held (for them 
we follow the same ordering as given in Ref. P]). Di, i = 1, ...24 are 27- 
plet operators which are nonzero in the absence of the singlet held. Finally, 
with Wi, i = 1, .. .23 and Di, z = 1, ... 3 we dehne the extra octet and 27-plet 
operators that are nonzero in the presence of a dynamical singlet held. 

The divergent octet Wi operators are dehned as follows (the factor k is fac¬ 
torized everywhere): 


Wi 

W 2 {Auf,u\^) 

W 4 {Auf,){u\^) 

W, (A{x+,u^}} 

We {Au,){x+un 
Wr (Ax+}(u^} 

Wg (Au^}(x+} 

W 9 {A[x-,u^]) 

1^10 (AX+) 

(Ax+)(x+) 
kFi2 (Ax^) 
fFi4 i{A{f^'',u^Uu}) 

hFi5 

Wie i{A{f^'',Uf,u^}) 

W 18 {Aifl - /!)) 

Wi 9 i{V^A[u^,u^]) 

W 20 (V^A{w;^^M,}) 

W 21 t{W,A[x+,u^]) 

W 22 {V,Ad^x+) 

kF25 (V^A{/r,n 4 ) 

1^26 (V^A{/r,w 4 ) 

W27 (A(2/2-{/+,/_})) 

(A([x+,X-]+X+-X-)) 

W 37 (A(/+ + /_)2) 

{AUf,x+u^) ■ (A.l) 
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The Wi octet operators are (the factor k is factorized everywhere): 


Wi 

(A{uf„umm} 

m 

{AUf,u^u>"){u'') 

W3 


m 


W5 


m 


W7 

i(A[M^,M^])(/7) 


i(A[M^,M^])(/D 

Wg 



(A/,.-)(/r) 


i{Vf,A[u>",u'']){u, 

m2 

{W^Au,){wn 


{w.Awnm) 

m 4 

(v,A«.)(/r) 

m 5 

(v,A/r)(«.) 

f^l6 

{v,Au.){fn 

m? 

(v.Afnm) 

f^l8 

{Au,){u^){un 

f^l9 

{Au,){u>^u^){u’^) 

f^20 

{Au^){u,){u^) 

f^21 

(A{m^,'u^})(m^)( 

1^22 

(Ax+)K)(mO 

1^23 

(Am^)(m^)(x+) . 


The 27-plet Di operators are given by (the factor q is factorized everywhere): 


Di 

(A{m^,m2})(Am^) 

D 2 

{Au^UyU^){Au'') 

Ds 

{A{u^,u^}){A{u^^,u''}) 

D, 

{A[u^,Uy\){A[u^,u'']) 

D, 

{Au^){Au^) 

De 

{Auf,){Au^){u^) 

Dj 

{Au^){Au^)(u^u'') 

Ds 

(A{x+,m^})(AmO 

Dg 

(A«2)(Ax+) 
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T^io 

{Au,){Au^){x+) 

1^11 

(A[x-,M^])(An^) 

Di2 

(Ax+)(Ax+) 

Di3 

i{A[f'l'',Uf,]){Au^) 

Du 

i{Af'^''){A[u^,Uu]) 

-D15 

i(A[n^,M^])(A/r) 

-Die 

(A/r)(A/,._) 

Dn 

t{V^A[u^,u’^]){Au,) 

Di8 

i{Vi_,Aui,){A[u^,u'']) 

Dig 

(An;^")(V^An,) 

D20 

{V^Aw^niAu.) 

D21 

(A/r)(V^An,) 

D22 

(V^A/D (An.) 

D23 

(a/D(da«.^) 

D24 

(DA/r)(AD. 


The 27-plet Di operators are given by (the factor q is factorized everywhere): 

Di (Am^)(Am^)(m^) 

D2 {A{u^,u’'}){Au^){u^) 

D, {Au^){Ax+){u,). (A.4) 

The projection operator A^- is dehned as A^- = uXiju\ with The 

bnilding blocks nsed in the definition of the connterterms are as follows 

= iu^D^Uu^ = 

X± = ± 

/r = «/r«*±«'/r“ 

w^ 1 / d^Uij di/U ^. (A.5) 

Also, the relations — d^u’^ and — i/2[u^,u^] are usefnl. 

We defined as in Ref. p the covariant derivative acting on A as V^A = d^A + 
a]. The covariant derivative d^ is the nsnal one acting on the fields in Eq. 
(A-5|) . It is defined as 


d^O = d^0 + [T^,0], 

T/. = -{[u\d^u\ - iu^rf,u - iulf,u^). (A.6) 

The eqnation of motion relates the field X- to the covariant derivative of the 


field 



(A.7) 
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B Integral over the singlet fields 


In this Appendix we give the explicit expressions of the single terms that con¬ 
tribute to the ultraviolet divergent part in the perturbative expansion of the 
logarithm of the determinant of the singlet operator as dehned in Eq. (|3.4CI|) . 
The result for each term reads as follows 




^ “ Ss) (1 - ytt) M^Ax+) 


gs 
' 4 


(47r)2((i — 4) 

M‘^{^x+) + ^(^8 - ^8)("io - + 0{GD , (B.8) 




(c/8 - f/s) (1 - (Ax+)(x+) “ ^ (1 “ y") (^T+)(x+) 

-^(x+) (v8k{Au^) +V5k{Ax+) + V27q{^Up,){^u^) + vok{AUf,){u>^)^ 
-^(f/8 - 98){^X+) {vi{u^) + 'y2(x+))| + 0{Gl ), 


4V2 


(B.9) 




dx 


-y ("Co - (^M^)k{^X+) + gsk (^1 - ya 

+ ^(^x+)(x+) 


+ [A,u'^]]x+) 


+^ 8 ^ (^ “ y“ 


2jy(^^+)' 2V2 


(AX+)(X+) + ^(A[X+,X-]) 


4V 

+98k 

-gsk 


927 (^1 - ytt) g(Ax+)(Ax+) + ]^g8k{Ax+) {vi{u^) + V2{x+)) 


a 


24(^X+)(x+) - g(M/. + 2 “^’ [^)"^]]X+) - 4(c^^Ax+) - g(Ax+) 


a 

12 


(A«a+«'‘) - 5 (A{x+. -"}) - (A\'t) + ;l(Ax'+)(x+>]} + 0 (Gp , 

(B.IO) 


where D ^ is expanded up to order Gq when the term proportional to «□ inside 
is considered. 


-Tr 

2 


\bJD ^B^ + BlD ^B, 


(47r)2(d — 4) 


dx 


a 


98 


12N 


(Ax+)(x+) + 0(G|). 


(B.ll) 
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In Eq. ( [B.ll|) only one term gives contribntion to the ultraviolet divergent part 
of the singlet determinant. We used v? = and (x+) = (x+) — 2NM^. In 
the derivation of the complete result in terms of the operators listed in Appendix 
1 ^ some relations are useful 

i{[d^ + ^Uf„[A,u^]]x+) = + ^(A[x+,x_]) 

{d^Ax+) = -(V,Ad^x+) + ^(A[x+,x_])-^(V,A[x+,«1) 
-|(^{X+,, (B.12) 


where V^A 


dfj,A + A] and the building blocks are dehned in Eq. (|A.5|). 
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